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BIJECTIVE QUASI-ISOMETRIES OF AMENABLE
GROUPS
TULLIA DYMARZ
Abstract. Whyte showed that any quasi-isometry between non-amenable
groups is a bounded distance from a bijection. In contrast this paper
shows that for amenable groups, inclusion of a proper subgroup of finite
index is never a bounded distance from a bijection.
1. Introduction
In his book on infinite groups, Gromov [Gr, page 23] asked whether in-
clusion of finite index subgroups Fm −→ Fn of two free groups is a bounded
distance from a bi-Lipschitz map (i.e. a bijective quasi-isometry). Papa-
soglu answered this question affirmatively in [Pa]. A more general question
asked in [H, page 107] is whether any two groups which are quasi-isometric
always have a bijective quasi-isometry between them? No counterexamples
have been found.
Whyte showed in [Wh] that any quasi-isometry between non-amenable
groups is a bounded distance from a bijection. In contrast, we will show
that for amenable groups, inclusion of a finite index proper subgroup is
never a bounded distance from a bijection (see Theorem 3.5). However, if
the subgroup admits an “n-to-1” self quasi-isometry (where n is the index
of the subgroup) one can always compose this self map with the subgroup
inclusion map to get a quasi-isometry that is a bounded distance from a
bijective quasi-isometry. So for such groups commensurability implies that
there does exist a bijective quasi-isometry.
2. Preliminaries
Definition 2.1. A map between metric spaces f : X −→ Y is a quasi-
isometry if there exist C,K ≥ 0 such that for all x, y ∈ X
− C +
1
K
d(x, y) ≤ d(f(x), f(y)) ≤ Kd(x, y) + C(2.1)
and there also exist g : Y −→ X satisfying 2.1 such that f ◦ g and g ◦ f are
a bounded distance from the identity. In this case X and Y are said to be
quasi-isometric.
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Definition 2.2. A metric space X is a uniformly discrete space of bounded
geometry (UDBG space) if
• there is an ǫ > 0 such that, for all x, y ∈ X, d(x, y) < ǫ ⇒ x = y
(i.e. X is uniformly discrete), and
• for any r > 0 there is a boundMr on the size of any r-ball in X (i.e.
X has bounded geometry).
Example 2.3. A finitely-generated group with the word metric d(x, y) =
||x−1y|| is a main example of a UDGB-space. The norm is defined with
respect to a specific generating set so two different generating sets may give
metric spaces which are not isometric but they are quasi-isometric.
Example 2.4. Any proper metric space admitting a properly discontinuous
isometric cocompact group action is also a UDBG-space.
To define the notion of an amenable space we need some notation. Let
|S| denote the cardinality of the set S and ∂S = {x ∈ X | 0 < d(x, S) ≤ 1}
denote the boundary of S.
Definition 2.5 (Folner Criterion). A UDBG-space is amenable if there
exists a sequence of finite subsets {Si} with
lim
i→∞
|∂Si|
|Si|
= 0
Such a sequence is called a Folner sequence.
We say a finitely generated group amenable if it is amenable as a UDBG-
space with the word metric. Since amenability is preserved by quasi-isometries
this is a well defined notion.
It will also be useful to review some conventions of big “O” notation.
Definition 2.6. We say
• f(i) = O(g(i)) if there exist C,K > 0, such that |f(i)| ≤ C|g(i)| for
all i ≥ K.
• O(f(i)) < O(g(i)) if g(i) 6= O(f(i))
• O(g(i)) = O(f(i)) if both g(i) = O(f(i)) and f(i) = O(g(i)).
One important property we will use is that for f, g ≥ 0
O(f(i) + g(i)) = O(f(i)) if g(i) = O(f(i)).
Using this notation, the statement of amenability can be rephrased as fol-
lows:
X is amenable if there exists a sequence of finite sets Si ⊂ X such that
O(|∂Si|) < O(|Si|).
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3. Uniformly finite homology
The uniformly finite homology groups Hufi (X) were first introduced by
Block-Weinberger in [BW1]. Only Huf0 (X;Z) is needed here, but for a
detailed discussion of uniformly finite homology, see [Wh] or [BW1].
For a UDBG-space X, let Cuf0 (X) denote the vector space of infinite
formal sums of the form
c =
∑
x∈X
axx
where there exists Mc > 0 such that |ax| ≤ Mc. Let C
uf
1 (X) denote the
vector space of infinite formal sums of the form
c =
∑
x,y∈X
a(x,y)(x, y)
where there exist Mc > 0 such that |a(x,y)| < Mc and Rc > 0 such that
a(x,y) = 0 if d(x, y) > Rc. Define a boundary map by
∂ : Cuf1 (X) −→ C
uf
0 (X)
(x, y) 7−→ y − x
and extending by linearity. Then we let
Huf0 (X) = C
uf
0 (X)/∂(C
uf
1 (X))
Some important facts about Huf0 (X) we will not prove here (see [Wh])
are
• if X and Y are quasi-isometric then Huf0 (X)
∼= H
uf
0 (Y ).
• if X is infinite then Huf0 (X) is a vector space over R. (When X is
finite Huf0 (X)
∼= Z)
Definition 3.1. Any subset S ⊂ X defines a class in Huf0 (X), denoted [S],
where [S] is the class of the chain
∑
x∈S x. We call [X] the fundamental
class of X in Huf0 (X).
Using uniformly finite homology, Kevin Whyte developed in [Wh] a test
to determine when a quasi-isometry between UDBG spaces is a bounded
distance from a bijection.
Theorem 3.2 (Whyte). [Wh] Let f : X → Y be a quasi-isometry between
UDBG-spaces. Then there exists a bijective map a bounded distance from f
if and only if f∗([X]) = [Y ]. (Here f∗([X]) = [
∑
x∈X f(x)])
For non-amenable spaces we have the following theorem:
Theorem 3.3 (Block-Weinberger). [BW1] Let X be a UDBG-space. Then
the following are equivalent:
• X is non-amenable.
• Huf0 (X) = 0
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• there exists c =
∑
x∈X axx with ax > 0 such that [c] = 0 in H
uf
0 (X)
Some of the motivation behind Whyte’s Theorem 3.2 was that combined
with Theorem 3.3 it implies:
Any quasi-isometry between finitely generated non-amenable groups is a
bounded distance from a bijection.
We can also use Theorem 3.2 to investigate quasi-isometries of amenable
groups. To use Theorem 3.2 we need to be able to check when a chain in
c ∈ Cuf0 (X) represents the zero class in H
uf
0 (X). The following theorem
gives such a criterion.
Theorem 3.4 (Block-Weinberger). [BW1] (Theorem 7.6 in [Wh]) Let X be
a UDBG-space, and let c =
∑
x∈X axx ∈ C
uf
0 (X). Then we have [c] = 0 ∈
Huf0 (X) if and only if for any Folner sequence {Si},∣∣∣∣∣∣
∑
x∈Si
ax
∣∣∣∣∣∣
= O(|∂Si|).
We now show how Whyte’s criterion can be used to show that subgroup
inclusion for amenable groups is not a bounded distance from a bijection.
Theorem 3.5. Let G be an amenable group with proper subgroup H of finite
index, i.e. [G : H] = n > 1. Then the inclusion map i : H →֒ G is not a
bounded distance from a bijective map.
Proof. Using Theorem 3.4 we show that the chain c =
∑
x∈G\H x gives a
nonzero class in Huf0 (G), that is [c] = [G] − [H] 6= 0. To this end let {Si}
be any Folner sequence for G. Now G =
⋃n
k=1 gkH and
n∑
k=1
|Si \ gkH| = (n− 1)|Si|
so
O(|Si|) = O((n− 1)|Si|) = O(
n∑
k=1
|Si \ gkH|) = O(|Si \ gkiH|)
for some ki. Let Fi = g
−1
ki
Si. These sets also form a Folner sequence, since
left multiplication by g−1ki is an isometry. Now |g
−1
ki
Si \ H| = |Si \ gkiH|.
This gives us
O(Fi \H) = O(|Fi|) > O(|∂Fi|).
So for the chain c,∣∣∣∣∣∣
∑
x∈Fi
ax
∣∣∣∣∣∣
= |Fi \H| = O(|Fi|) 6= O(|∂Fi|),
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and so [c] 6= 0. 
The following is a shorter proof of Theorem 3.5 suggested by Weinberger.
Proof. For the inclusion map i to be a bijection, Theorem 3.2 tells us that
we need
[H] = i∗([H]) = [G].
But [G] = n[H], so in fact we need [H] = n[H]. Now G is amenable so
[H] 6= 0. And since Huf0 (G) is torsion free [H] = n[H] only if n = 1. 
Theorem 3.5 is actually a corollary of a more general result.
Theorem 3.6. If φ : H −→ G is a homomorphism of amenable groups with
finite index image, [G : φ(H)] = n, and finite kernel, |φ−1(0)| = k, then φ
is a bounded distance from a bijection if and only if n = k.
Proof. As above, to get a bijection we need φ∗([H]) = [G]. But φ∗([H]) =
k[φ(H)] and [G] = n[φ(H)]. Now G is an amenable group, so [φ(G)] 6= 0,
giving us n = k. 
4. “n-to-1” self Quasi-Isometries
In this section we show how one can use subgroup inclusion to get bijective
quasi-isometries between certain groups.
Definition 4.1. We call f : X −→ X an “n-to-1” self quasi-isometry if f
is a quasi-isometry and |f−1(x)| = n. In this case f∗([X]) = n[X] .
Theorem 3.6 suggests that we may be able to “fix” subgroup inclusion
i : H → G of index n by precomposing with an n-to-1 quasi-isometry f :
G → G. Then i ◦ f : H −→ G is a new quasi-isometry that is a bounded
distance from a bijection, since
(i ◦ f)∗([H]) = i∗(n[H]) = n[H] = [G].
This leads to the question:
Which amenable groups admit “n-to-1” quasi-isometries?
Example 4.2. It is easy to define an “n-to-1” quasi-isometry of Z
φ : Z → Z
k 7→ ⌊ k
n
⌋
where ⌊ k
n
⌋ denotes the greatest integer less than or equal to k
n
. This is an
“n-to-1” map of Z which is a ( 1
n
, 1) quasi-isometry. One can extend this
idea to get an “n-to-1” map on Zm by applying the above map to one of the
coordinates.
φ(k1, k2, · · · , km) = (⌊
k1
n
⌋, k2, · · · , km)
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We now consider another class of examples.
Example 4.3. The solvable Baumslag Solitar groups are given by the pre-
sentation
BS(1,m) =
〈
a, b | aba−1 = bm
〉
.
We can view BS(1,m) as a union of cosets of the subgroup 〈b〉 ∼= Z. By
identifying each coset with Z we can define an “n-to-1” map in a similar
way as we do for Z
fα : αb
i 7→ αb⌊
i
n
⌋
where α is the coset representative. Picking a set C of coset representatives
gives us an “n-to-1” map of BS(1,m)
fC : g 7→ b
⌊ i
n
⌋α
where g = αbi for some α ∈ C.
A priori, if we choose random coset representatives for each coset we may
not get a quasi-isometry of BS(1,m). It turns out that we can identify
the cosets with Z in such a way so that the resulting map is actually a
quasi-isometry.
In order to understand how to pick the coset representatives it is useful
to review some ideas from [FM]. The group BS(1,m) acts properly discon-
tinuously and cocompactly on a metric 2-complex Xm, which is a warped
product of a tree Tm and R. The tree Tm is a (m + 1)-valent directed tree
with one “incoming edge” and m “outgoing edges” at each node. There is
a natural projection Xm → Tm. The inverse image of a coherently oriented
line, (a bi-infinite path in Tm respecting the orientation) is a hyperbolic
plane. Any time we refer to these embedded hyperbolic planes we will iden-
tify them with the upper half plane model of H2. The inverse image of
a vertex is a horocycle, (called a branching horocycle). We can pick the
basepoint of Xm to lie on a branching horocycle.
Xm is actually the universal cover of a complex Cm (see [FM] for details)
whose fundamental group is BS(1,m). The fundamental domain can be
thought of as a “horobrick” hm ⊂ H
2 defined by the region bounded by
0 ≤ x ≤ n and 1 ≤ y ≤ m so that the top of the horobrick has length 1 and
the bottom has length m (see figure 1).
We can define a quasi-isometry i : BS(1,m) → Xm by mapping e, the
identiy of BS(1,m), to the basepoint of Xm and extending equivariantly.
Then we can view BS(1,m) as embedded in Xm where group elements lie
on branching horocycles and each branching horocycle contains a coset of
〈b〉. Elements which differ only by the generator a are distance log(m)
apart and lie on adjacent branching horocycles. Since i is a quasi-isometry
it has a coarse inverse. Let j : Xm → BS(1,m) be the coarse inverse of
i which maps each fundamental domain in Xm to the unique element of
BS(1,m) in that domain. (i.e. each horobrick is mapped to the element in
the upper left corner.) Any map f : BS(1,m) → BS(1,m) gives us a map
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Figure 1. the horobrick h2 which is the fundamental do-
main corresponding to the element a in BS(1, 2)
i ◦ f ◦ j : Xm → Xm which is a quasi-isometry of Xm if and only if f is a
quasi-isometry of BS(1,m). When convenient we will make no distinctions
between f and i ◦ f ◦ j.
The key idea is to “line up” all of the cosets so that our map f , when
restricted to each hyperbolic plane in Xm, is a bounded distance from the
quasi-isometry
φ : (x, y) 7−→ (
1
n
x, y).
To this end we need to consider another projection Xm → H
2. From [FM]
we know that there exists a unique map ρm : Xm → H
2 with the following
properties:
• ρm takes horocycles to horocycles
• ρm is an isometry when restricted to each hyperbolic plane in Xm
• ρm is normalized to take the base point of Xm to the point (x, y) =
(0, 1)
Let l = {(0, y) ∈ H2} be the y-axis and consider T = ρ−1(l). T intersects
each branching horocycle at exactly one point. This will be our reference
point which we will call “0”. Since each branching horocycle “contains”
a coset of 〈b〉, pick the coset representative for this coset to be a group
element α which lies closest to “0”. (There may be two such elements in
some cases). Note that for each α the distance between α and T is at most
one. Our map i ◦ fα ◦ j is bounded distance from the map φ when restricted
to each branching horocycle. Because all of the α’s are a uniformly bounded
distance from T we have that for each hyperbolic plane Q in Xm the total
map fC restricted to Q is a bounded distance from φ. So by the rubberband
principle i ◦ fC ◦ j is a quasi-isometry of Xm and so fC is an “n-to-1” quasi-
isometry of BS(1,m).
We now consider one criterion for when a group does admit an “n-to-1”
quasi-isometry. If G contains a subset G′ such that
G =
n⊔
i=1
G′gi.
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and there exists a bijective quasi-isometry
f : G′ −→ G
then f extends to an “n-to-1” self quasi-isometry of G given by
f ′ : G −→ G
g′gi 7−→ f(g
′) (g′ ∈ G′)
This holds in particular if G′ is a subgroup of G with |G : G′| = n and
f : G′ → G is an isomorphism.
If it were possible to find an “n-to-1” self quasi-isometry for all amenable
groups, then we would have a bijective quasi-isometry between any two
commensurable, amenable groups.
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